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Abstract
Weighted constellations give graphical representations of weighted branched cov-
erings of the Riemann sphere. They were introduced to provide a combinatorial
interpretation of the 2D Toda τ -functions of hypergeometric type serving as gen-
erating functions for weighted Hurwitz numbers in the case of polynomial weight
generating functions. The product over all vertex and edge weights of a given
weighted constellation, summed over all configurations, reproduces the τ -function.
In the present work, this is generalized to constellations in which the weighting pa-
rameters are determined by a rational weight generating function. The associated
τ -function may be expressed as a sum over the weights of doubly labelled weighted
constellations, with two types of weighting parameters associated to each equiva-
lence class of branched coverings. The double labelling of branch points, referred
to as “colour” and “flavour” indices, is required by the fact that, in the Taylor
expansion of the weight generating function, a particular colour from amongst the
denominator parameters may appear multiply, and the flavour labels indicate this
multiplicity.
1 2D Toda τ-functions, weighted Hurwitz numbers
and constellations
There is a growing literature on the use of KP or 2D Toda τ -functions [38, 43] of hy-
pergeometric type [34–36] as generating functions for various types of weighted Hurwitz
numbers [1–4,12–16,18–20,23,32,33,37]. The latter are weighted sums over enumerations
of Riemann surfaces, realized as N -sheeted branched covers of the Riemann sphere, hav-
ing specified classes of branching structures [25,26]. Equivalently, they may be viewed as
enumerations of factorizations of the identity element IN ∈ SN in the symmetric group
SN on N elements into a product of elements within specified conjugacy classes [9, 10].
The two are related through the monodromy representation of the fundamental group of
∗e-mail:harnad@crm.umontreal.ca
†e-mail:boris.runov@concordia.ca
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the sphere punctured at the branch points, obtained by lifting homotopy classes of loops
from the base to the covering surface [30].
Both interpretations involve an enumeration of more precisely defined structures, in
which not just the conjugacy classes in SN are specified, but the actual monodromy group
elements. Branched covers with specified monodromy, or equivalently, factorizations of
the identity element in SN , have nice combinatorial representations as special types of
marked bipartite graphs on the surface, called constellations [30], which contain in their
markings all the data needed to uniquely identify the full ramification structure of the
branched cover or, equivalently, the monodromy group elements at each of the branch
points.
By assigning suitable weights to the vertices and edges, we obtain a weighted constel-
lation, depending on parameters that characterize the nature of the weighting. Taking a
product over all the vertex and edge weights to obtain the total weight of the constellation,
and summing over all branched coverings, taking into account the number of configura-
tions corresponding to a given set of conjugacy classes (the pure Hurwitz numbers), we
reconstruct, in a purely combinatorial fashion, the specific KP or 2D Toda τ -function that
serves as generating function for the corresponding weighted Hurwitz numbers.
Such weighted graphical representations have previously only been implemented for
weights determined by a polynomial weight generating function [5, 6]. One class of such
weighted coverings that has been considerably studied consists of Belyi curves, in which
there are just three branch points, with either one or two of them assigned specific ram-
ification profiles. Removing one of the three branch points (or one of the factors in the
group product), the constellations reduce to Grothendieck’s dessins d’enfants [3,4,27,44].
More general weight generating functions are needed, however, to include the vari-
ous types of Hurwitz numbers of interest, such as: simple Hurwitz numbers [33, 37], for
which the weight generating function is the exponential function; weakly monotonic Hur-
witz numbers [12, 13], which enumerate weakly monotonic paths in the Cayley graph of
SN generated by transpositions or, equivalently, signed enumerations of branched covers
with arbitrary branching [15, 16, 23], for which the weight generating function is the in-
verse of a linear function; more general families of weighted Hurwitz numbers, combining
enumerations of weakly and strongly monotonic paths in the Cayley graph [16, 23], for
which the weight generating function is rational and quantum weighted Hurwitz num-
bers [18, 20, 21, 24], for which the generating function is a quantum exponential.
The purpose of the present work is to extend the notion of weighted constellations from
the polynomially weighted case to more general rationally weightedHurwitz numbers [7,16,
18,23]. Although the graphical interpretation of the underlying unweighted constellations
remains the same, the labelling is refined to include not only a distinction between two
species of vertices, associated to the numerator and denominator weighting parameters,
and a specification of “colour”, to distinguish the various weighted branch points, but
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also a second, non-negative integer label, which we call “flavour”, that takes into account
the degree of the monomials in the denominator parameters that occur in the Taylor
expansion of the rational weight generating function.
Generating functions for rationally weighted Hurwitz numbers may all be given matrix
integral representations when the KP and 2D Toda flow parameters are evaluated at the
trace invariants of a pair of “external coupling” matrices [7, 12, 13, 15]. In particular,
for the case of weakly monotonic double Hurwitz numbers, where the weight generating
function is the inverse of a first degree factor, the generating τ -function is identifiable as
the Itzykson-Zuber-Harish-Chandra matrix integral [12, 13, 28]. The next simplest case,
where both the numerator and the denominator factors are linear [15], also has a matrix
integral representation [15,22] and may be interpreted combinatorially as enumeration of
a 2-species hybrid of weakly and strongly monotonic paths in the Cayley graph generated
by transpositions. In general, by refining the parametrization, or taking into account the
coefficients of monomial terms in the weighting parameters in the expansion, rationally
weighted Hurwitz numbers may be interpreted as enumeration of “multispecies” branched
covers, or equivalently, various hybrid classes of monotonic paths in the Cayley graph,
with specified step lengths [19].
Section 2 recalls the definitions, both geometrical and group theoretical, of pure Hur-
witz numbers and weighted Hurwitz numbers for arbitrary weight generating functions.
The construction of 2D Toda τ -functions of hypergeometric type [34–36] that serve as their
generating functions is also recalled (Theorem 2.1), with particular focus on the case of
rational weight generating functions. In Section 3, we define the corresponding doubly
labelled weighted constellations and show (Theorem 3.3) that, summing over their total
weights, we recover the 2D Toda τ -functions that generate rationally weighted Hurwitz
numbers. Section 4 provides a number of examples of rationally weighted constellations,
including the two cases mentioned above, of weakly monotonic Hurwitz numbers and
hybrids of weakly and strongly monotonic ones [15].
2 2D Toda τ-functions as generating functions for
weighted Hurwitz numbers
2.1 Hurwitz numbers
We begin by recalling the definition of pure Hurwitz numbers in the group theoretical
sense of Frobenius and Schur [9, 10, 30, 39] (called Frobenius numbers in [45]).
Definition 2.1. For a pair N, k ∈ N+ of positive integers, and a set of k integer partitions
{µ1), . . . , µ(k)} of N , the pure Hurwitz number H(µ(1), . . . , µ(k)) is defined as 1/N ! times
the number of distinct factorizations of the identity element IN ∈ SN in the symmetric
3
group on N elements as a product of k elements
IN = h1 · · ·hk, (2.1)
such that, for each i = 1, . . . , k, hi ∈ SN belongs to the conjugacy class cyc(µ
(i)) ⊂ SN
whose cycle lengths are equal to the parts of µ(i). The connected version of the pure
Hurwitz numbers, denoted H˜(µ(1), . . . , µ(k)) is determined by including in the enumeration
only those factorizations (2.1) in which the group generated by the factors acts transitively
on the set of elements (1, . . . , N) that SN permutes.
An equivalent way of defining H(µ(1), . . . , µ(k)) stems from the work of Hurwitz [25,26]
on enumeration of N -sheeted branched covers of the Riemann sphere.
Definition 2.2. The pure Hurwitz number H(µ(1), . . . , µ(k)) may alternatively be defined
as the number of inequivalent N -sheeted branched covers Γ→ P1 of the Riemann sphere
having k (possible) branch points (Q(1), . . . , Q(k)), such that the ramification profiles of
the Q(i)’s are given by the partitions {µ(i)}i=1,...,k, divided by the order | aut(Γ)| of the
automorphism group aut(Γ). The connected version H˜(µ(1), . . . , µ(k)) is similarly deter-
mined by enumerating only branched covers that cannot be split into a disjoint union of
connected components.
The equivalence of these two definitions [30] follows from the monodromy representa-
tion
M : π1(P
1\(Q(1), . . . , Q(k)))→ SN (2.2)
of the fundamental group of the punctured sphere P1\(Q(1), . . . , Q(k)) obtained by lifting
homotopy classes of loops in P1\(Q(1), . . . , Q(k)) to Γ, and noting that a simple loop
surrounding all the branch points is homotopic to the identity element.
The Frobenius-Schur formula [39, 45]
H(µ(1), . . . , µ(k)) =
∑
λ, |λ|=N
(h(λ))k−2
k∏
i=1
χλ(µ
(i))
zµ(i)
, (2.3)
gives an explicit expression for H(µ(1), . . . , µ(k)) in terms of the characters χλ(µ
(i)) of
SN corresponding to irreducible representations with symmetry class λ, evaluated on the
conjugacy classes cyc(µ(i))}i=1...,k, consisting of elements of cycle type µ
(i). The sum in
(2.3) is over all partitions λ ⊢ N (i.e., over all irreducible representations of SN), h(λ)
denotes the product of hook lengths of λ and
zµ =
µ1∏
i=1
mi(µ))!i
mi(µ) (2.4)
is the order of the stability subgroup of any element in the conjugacy class cyc(µ), where
mi(µ) is the number of parts of µ equal to i.
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2.2 Weighted Hurwitz numbers
We recall the notion of weighted Hurwitz numbers [16,23] associated to a weight generating
function
G(z) = 1 +
∞∑
i=1
giz
i, (2.5)
which may be viewed as a formal power series or, alternatively, a formal infinite product
G(z) = Gc(z) :=
∞∏
i=1
(1 + ciz) (2.6)
or, in dual form
G(z) = G˜b(z) :
∞∏
i=1
(1− diz)
−1. (2.7)
In the first case, the Taylor coefficients are identified as the elementary symmetric func-
tions [31]
gi = ei(c) (2.8)
of the infinite sequence of parameters
c = (c1, c2, . . . ), (2.9)
while in the second, they are identified as the complete symmentary functions [31]
gi = hi(d) (2.10)
of the infinite sequence
d = (d1, d2, . . . ). (2.11)
In some cases, the weight generating function series may be summed to an analytic
function, such as the exponential function
G(z) = Gexp(z) := e
z, (2.12)
which occurs in the case of simple Hurwitz numbers [15,16,33,37]. In this work, we focus
on rational weight generating functions, of the form
G(z) = Gc,d(z) :=
∏L
i=1(1 + ciz)∏M
i=1(1− diz)
, (2.13)
for which the Taylor series coefficients are
gi = gi(c,d) :=
i∑
j=0
ej(c)hi−j(d), (2.14)
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in terms of the finite set of variables
c = (c1, . . . , cL), d = (d1, . . . , dM). (2.15)
Given a weight generating function G(z) and a pair of partitions (µ, ν) of N , we
consider weighted branched covers Γ → P1 of the Riemann sphere with possible branch
points at 0 and ∞, having ramification profiles ν and µ respectively, and a further set
of branch points at k distinct, finite, nonzero points (Q(1), . . . , Q(k)), whose ramification
profiles are (µ(1), . . . , µ(k)). Recall that the sum
d :=
k∑
i=1
ℓ∗(µ(i)) (2.16)
of the colengths
ℓ∗(µ(i)) := N − ℓ(µ(i)) (2.17)
of the ramification profiles ({µ(i)}i=1,...,k, µ, ν) determines the Euler characteristic χ(Γ) of
the covering surface through the Riemann-Hurwitz formula
χ(Γ) = 2− 2g(Γ) = ℓ(µ) + ℓ(ν)− d, (2.18)
where for connected covers Γ → P, g(Γ) is the genus. For a given choice (G(z), d, µ, ν),
the corresponding weighted double Hurwitz number HdG(µ, ν) is defined as follows.
Definition 2.3 (Weighted double Hurwitz numbers). For d ∈ N+,
HdG(µ, ν) :=
d∑
k=0
∑′
µ(1),...µ(k),
|µ(i)|=N,
∑k
i=1
ℓ∗(µ(i))=d
WG(µ
(1), . . . , µ(k))H(µ(1), . . . , µ(k), µ, ν), (2.19)
where
∑′
denotes a sum over all k-tuples of partitions (µ(1), . . . , µ(k)) of N other than
the cycle type of the identity element (1N),
ℓ∗(µ(i)) := |µ(i)| − ℓ(µ(i)) = N − ℓ(µ(i)) (2.20)
is the colength of the partition µ(i), which may take values between 1 (simple branching)
and N − 1 (complete ramification), and WG(µ
(1), . . . , µ(k)) is the weight given to the
configuration of ramification profiles (µ(1), . . . , µ(k), µ, ν). (Note that this is independent
of the choice of the two partitions (µ, ν)). For d = 0, we set
H0G(µ, ν) := H(µ, ν). (2.21)
6
For the case of a weight generating function represented by an infinite product, as in
eq. (2.6), for k > 0, the weight factor is defined to be [16, 23]
WGc(µ
(1), . . . , µ(k)) :=
1
k!
∑
σ∈Sk
∑
1≤a1<···<ak
cℓ
∗(µ(1))
aσ(1)
· · · cℓ
∗(µ(k))
aσ(k)
=
| aut(λ)|
k!
mλ(c). (2.22)
and, for k = 0
WG(∅) := 1. (2.23)
Here mλ(c) is the monomial symmetric function [31] of the parameters c := (c1, c2, . . . )
mλ(c) =
1
| aut(λ)|
∑
σ∈Sk
∑
1≤a1<···<ak
cλ1aσ(1) · · · c
λk
aσ(k)
, (2.24)
indexed by the partition λ of weight |λ| = d and length ℓ(λ) = k, whose parts {λi}i=1,...,d
are equal to the colengths {ℓ∗(µ(i))}i=1,...,d expressed in weakly decreasing order
{λi}i=1,...k ∼ {ℓ
∗(µ(i))}i=1,...k, λ1 ≥ · · · ≥ λk > 0, (2.25)
and
| aut(λ)| :=
∏
i≥1
mi(λ)!. (2.26)
We similarly denote by
H˜dG(µ, ν) :=
d∑
k=1
∑′
µ(1),...µ(k),
|µ(i)|=N,
∑k
i=1
ℓ∗(µ(i))=d
WG(µ
(1), . . . , µ(k))H˜(µ(1), . . . , µk), µ, ν) (2.27)
the connected weighted Hurwitz numbers corresponding to the weight generating function
G(z).
For the case of weight generating functions of the dual infinite product type (2.7), the
weight WG˜d(µ
(1), . . . , µ(k)) is similarly defined [16,23], but with the monomial symmetric
functions mλ(c) appearing in eq. (2.22) replaced by the “forgotten” symmetric function
fλ(d), as defined in [31].
For rational weight generating functions (2.13), there are two types of branch points,
(µ(1), . . . , µ(l); ν(1), . . . , ν(m)), corresponding to the weighting parameters (c,d) appearing
in the numerator and denominator of (2.13) respectively, and the weight becomes [16,23]
WGc,d(µ
(1), . . . , µ(l); ν(1), . . . , ν(m))
:=
(−1)
∑l
j=1 ℓ
∗(ν(j))−m
l!m!
∑
σ∈Sl
σ′∈Sm
∑
1≤a1<···<al≤L
1≤b1···≤bm≤M
cℓ
∗(µ(1))
aσ(1)
· · · cℓ
∗(µ(l))
aσ(l)
d
ℓ∗(ν(1))
bσ′(1)
· · · d
ℓ∗(ν(m))
bσ′(m)
. (2.28)
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The corresponding rationally weighted double Hurwitz numbers are denoted
HdGc,d(µ, ν) :=
L∑
l=0
d∑
m=0
∑′
µ(1),...µ(l),ν(1),...ν(m),
∑l
i=1
ℓ∗(µ(i))+
∑m
j=1
ℓ∗(ν(j))=d
|µ(i)|=|ν(j)|=N
WGc,d(µ
(1), . . . , µ(l); ν(1), . . . , ν(m))
×H(µ(1), . . . , µ(l), ν(1), . . . , ν(m), µ, ν).
(2.29)
Note that the weight factor WGc,d(µ
(1), . . . , µ(l); ν(1), . . . , ν(m)) depends only on the
parameters c,d and on the colengths {ℓ∗(µ(i)), ℓ∗(ν(j)} of the weighted partitions, not on
the pair (µ, ν), nor on any further details relating to the parts of {µ(i), ν(j)}.
2.3 2D Toda τ-functions of hypergeometric type
For a given weight generating function G(z), and a small nonzero complex constant β,
we assume that G(z) may be evaluated at z = jβ, for all integers j ∈ Z, and define the
following infinite sequence of parameters:
r
(G,β)
j := G(jβ). (2.30)
For any partition λ of weight |λ| = N , we define r
(G,β)
λ by the following content product
formula [16, 23]
r
(G,β)
λ
:=
∏
(i,j)∈λ
r
(G,β)
j−i , (2.31)
where (i, j) ∈ λ refers to the position of a box in the Young diagram of the partition λ in
matrix index notation.
Following [15, 18, 23], we introduce a parametric family τ (G,β,γ)(t, s) of 2D Toda τ -
functions of hypergeometric type [29, 34–36] (at the lattice point 0) associated to the
weight generating function G(z), defined by the double Schur function series
τ (G,β,γ)(t, s) :=
∞∑
N=0
γN
∑
λ,|λ|=N
r
(G,β)
λ sλ(t)sλ(s), (2.32)
where
t = (t1, t2, . . . ), s = (s1, s2, . . . ) (2.33)
are the two sets of 2D Toda flow parameters, identified, within normalization, with the
power sums
pi = iti, p
′
i = isi (2.34)
over a pair of sequences of auxiliary variables, γ is an additional nonzero parameter,
introduced to keep track of the weights |λ|, and the sum is taken over all integer partitions
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(including λ = ∅). These will serve as generating functions for the weighted double
Hurwitz numbers as explained below.
Making a change of basis from the Schur functions to the power sum symmetric func-
tions
pµ(t) :=
ℓ(µ)∏
i=1
pµi =
ℓ(µ)∏
i=1
µitµi , pν(s) :=
ℓ(ν)∏
i=1
p′νi =
ℓ(ν)∏
i=1
νisνi, (2.35)
using the Frobenius character formula [11, 31],
sλ(t) =
∑
µ, |µ|=|λ|
z−1µ χλ(µ)pµ(t), (2.36)
allows us to express τ (G,β,γ)(t, s) equivalently as a double series in the power sum sym-
metric functions, whose coefficients are equal to the HdG(µ, ν)’s (see [15, 16, 18, 23] for
details).
Theorem 2.1 ( [15,16,23]). The τ -function τ (G,β,γ)(t, s) has the equivalent series expan-
sion
τ (G,β,γ)(t, s) =
∞∑
N=0
γN
∑
µ,ν
|µ|=|ν|=N
∞∑
d=0
βdHdG(µ, ν)pµ(t)pν(s). (2.37)
while its logarithm gives the corresponding expansion for connected Hurwitz numbers
ln(τ (G,β,γ)(t, s)) =
∞∑
N=0
γN
∑
µ,ν
|µ|=|ν|=N
∞∑
d=0
βdH˜dG(µ, ν)pµ(t)pν(s). (2.38)
Thus τ (G,β,γ)(t, s) is interpretable as a generating function for weighted double Hurwitz
numbers HdG(µ, ν), with the exponents of the variables γ and β equal to the weight
N = |µ| = |ν| and the total colength d, as defined in eq. (2.16), respectively.
In particular, the 2D Toda τ -function that serves as generating function for rationally
weighted Hurwitz numbers is:
τ (Gc,d,β,γ)(t, s) :=
∞∑
N=0
γN
∑
λ, |λ|=N
r
(Gc,d,β)
λ sλ(t)sλ(s) (2.39)
=
∞∑
N=0
γN
∑
µ,ν
|µ|=|ν|=N
∞∑
d=0
βdHdGc,d(µ, ν)pµ(t)pν(s). (2.40)
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3 Rationally weighted constellations and τ-functions
3.1 Constellations and branched coverings
We begin by recalling the combinatorial representation of constellations as special types
of marked bipartite graphs on a Riemann surface Γ containing all the combinatorial
information required to realize it as an N -fold branched cover Γ → P1 of the Riemann
sphere. Equivalently, these may be viewed as graphical representations of a factorization
of the identity element IN ∈ SN in the symmetric group
h0h1 · · ·hk+1 = IN , (3.1)
where, for purposes of the weighted enumerations to follow, it will be convenient to choose
the number of factors as k+2, with indexing labels (0, 1, . . . , k+1). These will be thought
of equivalently as labelling the k+2 branch points (Q(0), Q(1), . . . , Q(k+1)) in P1 under the
projection map Γ → P1 whose monodromy representations are generated by the factors
(h0, h1, . . . , hk+1), giving the monodromies of the lifts of the simple, positively oriented
loop, passing through a generic point P ∈ P1, and going once around the branch points
Q(i) for i = 0, . . . , k + 1. Conventionally, the points (Q(0), Q(k+1)) will be identified as
(0,∞) and the cycle types of (h0, hk+1) denoted as (ν, µ).
The definition below of singly labelled constellations is essentially the same as Definition
3.1 in [6]. It differs from the one in [30] by the fact that, in the latter, one of the factors
in (3.1), say h0, is omitted, and so are the associated vertices of the graph that form
the preimage of Q(0). But since this element is determined by the factorization formula
(3.1), there is a unique way to restore the missing vertices, and the corresponding edges,
by adding these to the “amputated” graphs of [30], to obtain the constellations defined
here; i.e., the two graphs can be uniquely transformed into each other. Another slight
difference is that we label the N elements of the set D (the “darts”) upon which SN acts
as (1, 2, . . . , N), while there is no such ordered labelling in [30]. What are there defined as
star vertices therefore do not carry any particular numbering. However, as shown in [30],
any permutation of the elements of D gives rise to an isomorphic constellation, in which
the factors in (3.1) are replaced by their conjugates under the permutation. To recover
the product (3.1) explicitly, not just up to conjugation, it is of course necessary to specify
the numbering. Finally, we do not impose the requirement that the graph be connected,
or equivalently, that the group generated by the factors in (3.1) act transitively on D.
Definition 3.1 (Singly labelled constellations). A (singly labelled) constellation CN,k+2(Γ)
of degree N and length k + 2 is a graph on a Riemann surface Γ consisting of two types
of vertices: N star vertices, labelled (1, . . . , N) or, equivalently (P1, . . . , PN), which carry
no colour, and k + 2 consecutively labelled coloured vertices carrying the colour labels
i = 0, . . . , k + 1 :=∞, which may appear multiply, together with edges between pairs of
these satisfying:
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1. All edges connect pairs consisting of a star vertex and a coloured vertex.
2. There is at least one edge joining every coloured vertex to a star vertex.
3. The degree of each star vertex is k + 2, with each connected to exactly one vertex
of each colour.
4. For any given star vertex, the labels of the coloured vertices to which it is connected
are in strictly increasing order when enumerated in a counterclockwise sense.
5. There are exactly N faces, all homeomorphic to a disc. The boundary of each face
contains one angular sector of each colour (i.e., a sequence: star vertex → coloured
vertex → star vertex).
Remark 3.1. It follows from the above, and the fact that the surface Γ is oriented, that
the vertices of each face appear in decreasing order as it is traversed in a counterclockwise
sense starting from k + 1.
Remark 3.2. The star vertices (P1, . . . , PN), viewed as points of Γ, are the preimages
of the generic (nonbranching) point P under the projection map Γ → P1. The coloured
vertices carrying the label i are the preimages of the branch points (Q(0), . . . , Q(k+1)).
The ordered sequence of star vertices they are connected to, taken in the clockwise sense,
determines a cycle in SN , of length µ
(i)
j . It follows from requirements 2 and 3 that these
cycles are disjoint, and their union is the full set (P1, . . . , Pn). The product of the cycles
for j = 1, . . . ℓ(µ(i)) defines the group element hi, which belongs to the conjugacy class
cyc(µ(i)), whose cycle lengths are equal to the parts of the partition µ(i) = (µ
(i)
1 , . . . , µ
(i)
ℓ(µ(i))
)
corresponding to distinct vertices of the same colour i. These are the preimages of the
point Q(i), and for illustrative purposes are denoted by (Q
(i)
1 , . . . , Q
(i)
ℓ(µ(i))
) in Figure 1. The
group element hi is the monodromy representation of the simple, positively oriented loop
through P , going once around the branch point Q(i). Taking an ordered product over all
these therefore gives the identity element, as in eq. (3.1). Constellations can be divided
into equivalence classes, determined by the ordered set of partitions (µ(0), µ(1), . . . µ(k+1)),
where
µ(0) =: ν, µ(k+1) =: µ. (3.2)
By Definition 2.1, the number of elements of this equivalence class, divided by N !, is the
pure Hurwitz number H(µ(1), . . . µ(k), µ, ν).
Remark 3.3. The edges of the constellation are determined by lifting the N simple,
positively oriented loops starting and ending at P , going once around each branch point,
and dividing the corresponding lifted paths into cycles. Each edge corresponds to a pair
consisting of an “incoming” 1/2 path and an “outgoing” 1/2-path, connecting a coloured
vertex to one of the points (P1, . . . , PN) that represent the star vertices. Figure 1 gives a
visualization of this monodromy interpretation of the edges for one 3-cycle (abc).
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Q
(i)
l(µ(i))
Q
(i)
k
Q
(i)
1
Pc
Pa
Pb
Q(i) P
(a, b, c)
Figure 1: Lifted loops and edges. Here, (a, b, c) represents a (typical) cycle in the monodromy factor-
ization at the indicated branch point.
Figure 2 gives an example of a planar constellation with N = 5, k = 3 appearing
in [5, 6]. The factorization 3.1 for this case is:
h0h1h2h3h4 = I5, (3.3)
where
h0 = (123), h1 = (153), h2 = (15)(23), h3 = (14), h4 = h∞ = (14) (3.4)
The corresponding partitions are
µ(0) = (3, 1, 1)), µ(1) = (3, 1, 1)), µ(2) = (2, 2, 1),
µ(3) = (2, 1, 1, 1), µ(4) = (2, 1, 1, 1). (3.5)
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51
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Figure 2: Example of a planar constellation with N = 5, k = 3
3.2 Doubly labelled constellations
Doubly labelled constellations are constellations CN,k+2(Γ) in which the labelling of the
consecutive colours (0, 1, . . . , k + 1) is replaced by a more structured one, consisting of
pairs (i, ji) of nonnegative integers, called “(colour, flavour)” pairs. Their definition is just
a refinement of the one for singly labelled constellations, with enhanced details regarding
the labelling. We choose a pair of positive integers (L,M), with L ≤ k, and a further set
(J1, . . . , JM) of positive integers such that
k = L+
M∑
i=1
Ji (3.6)
with
0 ≤ i ≤ L+ 1 if ji = 0, (3.7)
and 1 ≤ i ≤M if 1 ≤ ji ≤ Ji. (3.8)
(The pair of integers (L,M) will later be identified with those appearing in the rational
weight generating function Gc,d in (2.13).) The M-tuple of positive integers
J := (J1, . . . , JM) (3.9)
will be called the spectrum of CN,k+2(Γ). Its cardinality is denoted
ℓ(J) := M (3.10)
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and the sum of its components
|J | :=
M∑
j=1
Jj, (3.11)
as with partitions. We therefore have a total of
k + 2 = L+ |J |+ 2 (3.12)
coloured vertices.
As for any k+2-constellation CN,k+2(Γ), of degree N , the graph of the constellation can
be drawn on an N -sheeted branched cover Γ→ P1 of the Riemann sphere with (at most)
k+2 branch points. There is, however, also the double labelling information contained in
the choice of integers (L,M, (J1, . . . , JM)). Moreover, instead of just two types of vertices,
there are three: the “star” vertices and two types of “coloured” vertices.
• Star vertices (denoted by black dots), still carry an integer label k, with 1 ≤ k ≤
N (which correspond to points on Γ that can be interpreted as preimages of an
arbitrarily chosen non-branch point P .) They may also be labelled by the symbols
(P1, . . . , PN), where each Pi is viewed as a point over P lying on a different sheet of
the branched cover.
The two coloured types are:
• Round vertices, which carry the pair of labels (i, 0), where i is integer-valued, with
0 ≤ i ≤ L + 1, enclosed in a circle. These are interpreted as the primages of a set
of L+ 2 points
(Q(0,0) = 0, Q(1,0), . . . , Q(L+1,0) =∞), (3.13)
where, for 1 ≤ i ≤ L, the label i refers to the coefficient ci in (2.13). These are
assigned one of the colours of the spectrum, and a “flavour” that is set equal to 0.
Round vertices carrying the label label (0, 0) are assigned the colour “black” and
interpreted as the preimages of the point Q(0,0) (which is chosen, conventionally, as
z = 0). Those carrying the label (L+ 1, 0) are assigned the colour “white” and are
interpreted as the preimages of the point Q(L+1,0) (which is chosen conventionally
as z =∞).
• Square vertices, which carry an ordered pair (i, ji), of positive integer valued labels
within the range (3.8), enclosed in a square box. (These are interpreted as the
primages of a set of
∑M
i=1 Ji further (possible) branch points
(Q(1,1), . . . , Q(1,J1), Q(M,1), . . . , Q(M,JM )), (3.14)
where the subscript i refers to the coefficient di in (2.13).) The indices are again
referred to as colour (i) and flavour (ji), with 1 ≤ i ≤ M , where, for each i, we
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have 1 ≤ ji ≤ Ji. The colours of the spectrum assigned to the i’s are chosen to be
different from those assigned to the round vertices.
As in general, we also refer to the black and white vertices as “coloured”, and the
(colour, flavour) pairs (i, ji) will be understood as ordered, in the following sense.
Definition 3.2. By CF ordering of the (colour, flavour) pairs, we mean:
(0, 0) < (1, 0) · · · < (L, 0) < (1, 1) · · · < (1, J1) < · · · < (M, 1) · · · (M,JM) < (L+ 1, 0).
(3.15)
The coloured vertices are understood as the distinct points in the covering surface over
the branch points (Q(0,0), Q(1,0), . . . , Q(L,0), Q(1,1), . . . , Q(1,J1), Q(M,1), . . . , Q(M,JM ), Q(L+1,0)),
with the pair (i, ji) of (colour, flavour) labels indicating the branch point to which they
project.
Definition 3.3. For a given (L,M, J), a doubly labelled L+|J |+2-constellation CN,L+|J |+2(Γ)
of degree N is a graph on Γ formed from N star vertices and L+ |J |+2 coloured vertices
that connect pairs of these, satisfying the following requirements:
1. The graph is bipartite, in the sense that all the edges connect pairs consisting of a
star vertex and a coloured vertex.
2. Each coloured vertex is connected to at least one star vertex, and every type (i, ji)
of square vertex has at least one representative that is connected to two or more
star vertices.
3. Every star vertex is connected to exactly one of the coloured vertices of type (i, ji)
(and hence, is of degree L+ |J |+ 2).
4. The coloured vertices {(i, ji)} associated to any given star vertex, when enumerated
in a counterclockwise sense, are in increasing CF order, starting from (0, 0) .
5. There are exactly N faces, all homeomorphic to a disc. Viewing the boundary of
any face as a positively oriented polygonal curve, its coloured vertices consist of all
possible pairs (i, ji).
Remark 3.4. It again follows from the above, and the fact that the surface Γ is ori-
ented, that the vertices of each face appear in decreasing CF order as it is traversed in a
counterclockwise sense.
Remark 3.5. It also follows from requirements 2 and 3 that the distinct vertices with any
given label (i, ji) are connected to a disjoint set of star vertices, whose union is the full set
(P1, . . . , Pn). These therefore define an element h(i,ji) ∈ SN , which is the monodromy of
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the simple, positively oriented loop through P going once around the branch point Q(i,ji).
Taking a CF ordered product over all these therefore gives the identity element:
h(0,0)
(−→∏
L
i=1h(i,0)
)−→∏
M
k=1
−→∏
Jk
jk=1
h(k,jk)h(∞,0) = I. (3.16)
where none of the elements {h(k,jk)} 1≤k≤M
1≤jk≤Jk
is the identity IN .
Figure 3 gives an example of a planar constellation with N = 5, k = 3 that is equivalent
to the one in Figure 2, but with doubly labelled coloured vertices with (L,M, J) =
(1, 1, (2)). The factorization for this labelling is equivalent to (3.3), but with double
labelling:
h(0,0))h(1,0)h(1,1)h(1,2)h(∞,0) = I5, (3.17)
where
h(0,0) = (123), h(1,0) = (153), h(1,1) = (15)(23), h(1,2) = (14), h(2,0) = (14). (3.18)
The corresponding partitions are again
µ(0,0) = (3, 1, 1)), µ(1,0) = (3, 1, 1)), µ(1,1) = (2, 2, 1),
µ(1,2) = (2, 1, 1, 1), µ(∞,0) = (2, 1, 1, 1). (3.19)
5
1
2
3
4
1, 1
1, 0
1, 2
2, 0
0, 0
1, 20, 0
1, 0
1, 1
2, 0 0, 0 1, 0
1, 1
1, 22, 0
1, 2
2, 0
Figure 3: Example of a doubly labelled planar constellation with N = 5, L = 1, M = 1, J1 = 2.
Figure 4 is a doubly labelled version of Figure 1. It again illustrates the lift of a closed,
simple, positively oriented loop, starting at P , going once around the branch point Q(i,ji),
and t, and returning to P . The points (Pa, Pb, Pc) are cyclically permuted when the lifted
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path encircles the ramification point Q
(i,ji)
k , three times, giving a contribution (abc) to the
monodromy group around this point. Each 1/2 path contributes to the resulting three
edges, with a pair of (inward, outward) 1/2 paths constituting each edge.
Q
(i,ji)
l(ν(i,j))
Q
(i,ji)
k
Q
(i,ji)
1
Pc
Pa
Pb
Q(i,ji) P
(a, b, c)
Figure 4: Lifted loops and edges. Here, (a, b, c) represents a (typical) cycle in the monodromy factor-
ization at the indicated branch point.
The doubly labelled constellations are divided, as in general, into equivalence classes
determined by the set of partitions
{ν := µ(0), µ(1), ..., µ(L), ν(1,1), . . . ν(1,J1) . . . , ν(M,1) . . . ν(M,JM ), µ := µ(L+1)}, (3.20)
with a partial ordering of the vertices carrying the same pair of labels (i, ji), defined in
the following way:
• µ
(i)
k is the number of edges ending in the k-th round vertex of colour i
• ν
(i,ji)
k is the number of edges ending in the k-th square vertex of color i and flavor ji
• µk is the number of edges ending in the k-th white vertex
• νk is the number of edges ending in the k-th black vertex
corresponding to the cycle lengths of the conjugacy classes of the elements
({h(i,0)}0=1,...L+1, {h(i,ji)}| 1≤i≤M
1≤ji≤Ji
, (3.21)
where none of the partitions {ν(i,ji)} is the trivial one (1)N . The partial ordering is defined
by the weakly decreasing order of the parts of each partition.
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Two constellations are again regarded as equivalent (from the viewpoint of Hurwitz
enumeration) if the CF ordered, labelled sets of partitions (3.20) corresponding to them
are the same. The number of elements in the equivalence class is thus, again, N ! times
the Hurwitz number H(ν, µ(1), ..., µ(L), ν(1,1), . . . ν(1,J1), . . . , ν(M,1) . . . ν(M,JM ), µ).
3.3 Rationally weighted doubly labelled constellations
We now define what is meant by a rationally weighted constellation.
Definition 3.4. For a rational weight generating function Gc,d, a rationally weighted
constellation GJ
c,d is a doubly labelled L + |J | + 2-constellation of type (L,M, J) and
degree N , with the following weights attached to its vertices and edges:
• The weight of each round vertex of color i, where i = 1, . . . , L, is (βci)
−1.
• The weight of each square vertex of color i, where i = 1, . . . ,M , is (−βdi)
−1.
• The weight of each edge ending at a round vertex is βci.
• The weight of each edge ending at a square vertex is −βdi.
• The weight of each star vertex is γ.
• The weight of each black vertex of degree j is pj(s) = jsj.
• The weight of each white vertex of degree j is pj(t) = jtj.
Definition 3.5. The weight WGJ
c,d
of the doubly labelled weighted constellation is defined
as the product of the weights of its edges and vertices multiplied by (−1)
|J|
N !
.
The following figures illustrate the labelling and weighting of the different types of
vertices and edges. Figure 5 illustrates the five types of vertex weights, both for circle
and square types of coloured vertices, and for star vertices, as well as the weights for all
edges connected to them. Figure 6 places the weighted vertices and edges into a combined
picture, adding the branch points {Q(i,ji)} of which the coloured vertices are pre-images,
as well as the generic point P , with its pre-images P1, . . . , PN).
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i, 0(βci)
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c iβc
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βc i β
c
i
βci
γ
γ
γ
γ
γ 0, 0pj(s)
degree j
γ
γ
γ
γ
γ
11
1
1
1 ∞,0pj(t)
degree j
γ
γ
γ
γ
γ
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1
1
1
i, ji, i(−βdi)
−1
−
β
d i
−
βd
i
−β
d i
−
β
d
i
−βdi
γ
γ
γ
γ
γ
Figure 5: Weights. Left: coloured vertices and edges. Center: black vertices. Right: white vertices.
The vertex degree is j = 5 in all the examples.
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(0,0)
1
Q(0,0)
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γ
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b
c
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pµj (s)
Q
(∞,0)
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Q
(∞,0)
k
Q
(∞,0)
1
Q(∞,0)
Figure 6: Weights. Left: coloured vertices and edges. Right: black and white vertices.
Definition 3.6. The sum of the colengths of the partitions (µ(1,0), ..., µ(L,0), ν(1,1), . . . , ν(M,JM ))
is denoted as
d(GJ
c,d) :=
L∑
i=1
ℓ∗(µ(i,0)) +
M∑
i=1
Ji∑
ji=1
ℓ∗(ν(i,ji)) (3.22)
and the degree as
N(GJ
c,d) = N. (3.23)
We also introduce the following abbreviated notation for ordered sets of partitions of
these two types
µ(GJ
c,d)) := (µ
(1), . . . , µ(L)), ν(GJ
c,d) := (ν
(1,1), . . . , ν(M,JM )). (3.24)
Lemma 3.1. Let GJ
c,d be a doubly labelled, rationally weighted constellation in the equiv-
alence class determined by (ν(GJ
c,d),µ(G
J
c,d),ν(G
J
c,d), µ(G
J
c,d)), with the weights of vertices
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and edges determined by the weight generating function Gc,d. Its total weight WGJ
c,d
is
then given by
WGJ
c,d
=
γN
N !
βd(G
J
c,d)(−1)|J |+
∑M
i=1
∑Ji
ji=1
ℓ∗(ν(i,ji))c
ℓ∗(µ(1,0))
1 . . . c
ℓ∗(µ(L,0))
L
M∏
i=1
Ji∏
ji=1
d
ℓ∗(ν(i,ji))
i pµ(t)pν(s) ,
(3.25)
Proof. Consider a doubly labelled constellation with spectrum J from the equivalence
class (ν(GJ
c,d),µ(G
J
c,d),ν(G
J
c,d), µ(G
J
c,d)). The star vertices give an overall factor γ
N . Round
vertices of colour i connected to m star vertices give (βci)
m−1. The product over all round
vertices of the same colour therefore gives
(βci)
∑ℓ(µ(i,0))
k=1 (µ
(i,0)
k
−1) = (βci)
ℓ∗(µ(i,0)) . (3.26)
while those over square vertices of the same colour gives
(−1)
∑ji
j=1 ℓ
∗(ν(i,ji))(βdi)
∑ji
j=1 ℓ
∗(ν(i,ji)) . (3.27)
A white vertex of degree µi contributes pµi(t), while a black vertex of degree νi gives
pνi(s). Taking their product therefore gives
pµ(t)pν(s) = pµ(t) =
ℓ(µ)∏
i=1
pµi(t)
ℓ(ν)∏
i=1
pνi(s) . (3.28)
The weight of the entire graph is therefore given by (3.25).
Remark 3.6. Note that, for any choice of (L,M, J) the weight (3.25) for a doubly
weighted constellation can be obtained from that for its singly weighted analog by simply
replacing the successive weighting parameters (c1, c2, . . . ) in the singly weighted sequence
by the corresponding sequence of ci’s and di’s, with the latter repeated Ji times in the
CF ordered sequence, and multiplying by the sign factor (−1)|J |+
∑M
i=1
∑Ji
ji=1
ℓ∗(ν(i,ji)).
In the examples above, we may view Figure 2 as displaying a doubly labelled con-
stellation in which L = 3 and M = 0, replacing the labels ((0), (1), (2), (3), (4)) by
((0, 0), (1, 0), (2, 0), (3, 0), (4, 0)). This then corresponds to a polynomial weight gener-
ating function G(c1,c2,c3),(∅) of third degree and, according to eq. (3.25), the total weight
of the constellation is
WG0
(c1,c2,c3),(∅)
=
1
5!
γ5β5c21c
2
2c3 p(2,1,1,1)(t) p(3,1,1)(s). (3.29)
The doubly labelled planar constellation Figure 3 corresponds to (L,M, J) = (1, 1, (2))
with weight generating function G(c1),(d1)) and has total weight
WG0
(c1),(d1)
= −
1
5!
γ5β5c21d
3
1 p(2,1,1,1)(t) p(3,1,1)(s). (3.30)
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3.4 Reconstruction of τ (Gc,d,β,γ)(t, s)
We now show how to recover the generating function τ (Gc,d,β,γ)(t, s) defined in eq. (2.40)
by summing over the total weights of the doubly weighted constellations defined above. In
the following, it is helpful to introduce the following notations for sets of positive integer
vectors and partitions.
Definition 3.7. For positive integers (l, m, L,M) with 1 ≤ l ≤ L, let
Al,L := {a = (a1, . . . , al) ∈ N
l | 1 ≤ a1 < a2 < · · · < al ≤ L} , 1 ≤ l ≤ L , (3.31)
Bm,M := {b = (b1, . . . , bm) ∈ N
m|1 ≤ b1 ≤ b2 ≤ · · · ≤ bm ≤M}. (3.32)
Definition 3.8. For positive integers (N, d, k), let
M
(N)
k,d := {µ} , µ =
(
µ(1), . . . , µ(k)
)
(3.33)
denote the set of (ordered) k-tuples of nontrivial partitions
(
µ(1), . . . , µ(k)
)
of N with total
colength d as defined in eq. (2.16). The cardinality of µ will be denoted
#µ = k. (3.34)
More generally, for a k-tuple of nonnegative integers
J = (J1, . . . , Jk), Ji ∈ N
+ (3.35)
let
M
(N)
J,d := {
(
µ
(1), . . . ,µ(k)
)
}, (3.36)
where
µ
(i) = (µ(i,1), . . . , µ(i,Ji)) (3.37)
are Ji-tuples of partitions of N and
d =
k∑
i=1
Ji∑
ji=1
ℓ∗(µ(i,ji)) (3.38)
is the total cardinality.
In general, boldface Greek letters will denote ordered multiples of partitions
ν =
(
ν(1), . . . , ν(m)
)
(3.39)
of any cardinality
#(ν) = m. (3.40)
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Definition 3.9. Define the subset N
(N)
k,d ⊂M
(N)
k,d to consist of weakly ordered k-tuples of
partitions
N
(N)
k,d := {µ ∈M
(N)
k,d | µ
(1) ≤ µ(2) ≤ · · · ≤ µ(k)} . (3.41)
with respect to lexicographical ordering [31].
The action of the symmetric group Sk on M
(N)
k,d is denoted
σ(µ) =
(
µ(σ(1)), µ(σ(2)), . . . , µ(σ(k))
)
, σ ∈ Sk . (3.42)
We also use the abbreviated notations
H(µ,ν, µ, ν) := H(µ(1), . . . , µ(l), ν(1), . . . , ν(m), µ, ν) (3.43)
WGc,d(µ;ν) :=WGc,d(µ
(1), . . . , µ(l); ν(1), . . . , ν(m)) (3.44)
for pure Hurwitz numbers and weights.
Define the numbers WGc,d(µ;ν) (not to be confused with WGc,d) to be
WGc,d(µ;ν) := (−1)
∑#ν
j=1 ℓ
∗(ν(j))−#ν
∑
a∈A#µ,L
∑
b∈B#ν,M
#µ∏
i=1
cℓ
∗(µ(i))
ai
#ν∏
i′=1
d
ℓ∗(ν(i
′))
bj
(3.45)
Lemma 3.2. The τ -function τ (Gc,d,β,γ)(t, s) can be expressed as
τ (Gc,d,β,γ)(t, s) =
∞∑
d=0
βd
∞∑
N=0
γN
∑
µ,ν
|µ|=|ν|=N
d∑
d+=0
d+∑
l=0
∑′
µ∈M
(N)
l,d+
d−d+∑
m=0
∑′
ν∈M
(N)
m,d−d+
WGc,d(µ;ν)
×H(µ,ν, µ, ν)pµ(s)pν(t).
(3.46)
(Recall that
∑′
denotes summation only over nontrivial partitions.)
Proof. We start with formula (2.40) for τ (Gc,d,β,γ):
τ (Gc,d,β,γ)(t, s) =
∞∑
d=0
βd
∞∑
N=0
γN
∑
µ,ν
|µ|=|ν|=N
HdGc,d(µ, ν)pµ(s)pν(t) (3.47)
where, by eq. (2.29), the weighted Hurwitz numbers HdGc,d(µ, ν) are given by
HdGc,d(µ, ν) =
d∑
d+=0
d+∑
l=0
d−∑
m=0
∑′
N∈M
(|µ|)
l,d+
∑′
ν∈M
(N)
m,d−
WGc,d(µ;ν)H(µ,ν, µ, ν). (3.48)
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where the last two sums are over pairs (µ,ν) for which the sum of colengths is d
d+ + d− = d,
d+ = d+(µ) :=
#(µ)∑
i=1
ℓ∗(µ(i)), d− = d−(ν) :=
#(ν)∑
j=1
ℓ∗(ν(j)). (3.49)
By eq. (2.28), the weight WGc,d is
WGc,d(µ
(1), . . . , µ(l); ν(1), . . . , ν(m))
:=
(−1)
∑m
j=1 ℓ
∗(ν(j))−m
l!m!
∑
a∈Al,L
∑
b∈Bm,M
∑
σ∈Sl
∑
σ′∈Sm
cℓ
∗(µ(1))
aσ(1)
· · · cℓ
∗(µ(l))
aσ(l)
d
ℓ∗(ν(1))
bσ′(1)
· · · d
ℓ∗(ν(m))
bσ′(m)
.
(3.50)
Since WGc,d is invariant under permutations of the partitions {µ
(i)} and {ν(j)} amongst
themselves, we can write equivalently
WGc,d(µ
(1), . . . , µ(l); ν(1), . . . , ν(m))
:=
(−1)
∑m
j=1 ℓ
∗(ν(j))−m
l!m!
∑
a∈Al,L
∑
b∈Bm,M
∑
σ∈Sl
∑
σ′∈Sm
cℓ
∗(µ(σ(1)))
a1
· · · cℓ
∗(µ(σ(l)))
al
d
ℓ∗(ν(σ
′(1)))
b1
· · · d
ℓ∗(ν(σ
′(m)))
bm
.
(3.51)
WGc,d is thus an average of the weights WGc,d(µ;ν) over permutations of partitions
WGc,d(µ;ν) =
1
(#µ!)(#ν!)
∑
σ∈S#µ
∑
σ′∈S#ν
WGc,d(σ(µ); σ
′(ν)). (3.52)
For any pair of integer (d−, d+) such that
l ≤ d+ ≤ d, d− + d+ = d, (3.53)
the two right-most sums in (3.48) can therefore be rewritten as
∑′
µ∈M
(|µ|)
l,d+
∑′
ν∈M
(|ν|)
m,d−
WGc,d(µ;ν)H(µ,ν, µ, ν)
=
∑′
µ∈M
(|µ|)
l,d+
∑′
ν∈M
(|ν|)
m,d−
1
(#µ!)(#ν!)
∑
σ∈S#µ
∑
σ′∈S#ν
WGc,d(σ(µ); σ
′(ν))H(µ,ν, µ, ν)
=
∑′
µ∈N
(|µ|)
l,d+
∑′
ν∈N
(|µ|)
m,d−
1
| aut(µ)|| aut(ν)|
∑
σ∈S#µ
∑
σ′∈S#ν
WGc,d(σ(µ); σ
′(ν))H(µ,ν, µ, ν) ,(3.54)
where aut(µ), aut(ν) denote the stabilizers of µ and ν in S#µ and S#ν , respectively. Note
that any particular choice of arguments {µ(i)}, {ν(j)} of WGc,d appears | aut(µ)|| aut(ν)|
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times in the third line of (3.54), which exactly cancels the prefactor. Since WGc,d is
invariant under permutations of its arguments, the sums over S#µ and S#ν just give
mutiplicative factors #µ! and #ν!, respectively. Therefore
∑′
µ∈M
(|µ|)
l,d+
∑′
ν∈M
(|µ|)
m,d−
WGc,d(µ;ν)H(µ,ν, µ, ν) =
∑′
µ∈M
(|µ|)
l,d+
∑′
ν∈M
(|µ|)
m,d−
WGc,d(µ;ν)H(µ,ν, µ, ν).
(3.55)
Substituting (3.55) into eqs. (3.47),(3.48), we recover the statement of the lemma.
Theorem 3.3. The τ -function τ (Gc,d,β,γ)(s, t) is equal to the sum of the total weights
of all doubly labelled, rationally weighted constellations with weight generating function
Gc,d.
Proof. Note first that terms with #µ > L are absent from the sum (3.46) since there
cannot be more than L distinct indices ai. Given a set of indices a ∈ Al,L and an l-tuple
of nontrivial partitions µ ∈M
(N)
l,d+
, we construct an L-tuple of (possibly trivial) partitions
µ˜(µ, a)
µ˜(µ, a) =
(
µ˜(1), . . . , µ˜(L)
)
, (3.56)
where l of the partitions {µ˜(i)}i=1,...,L coincide with the elements of µ, and the rest are
trivial:
µ˜(ai) = µ(i) , 1 ≤ i ≤ l. (3.57)
µ˜(µ, a) =

1N , . . . , 1N︸ ︷︷ ︸
a1−1 times
, µ(1), 1N , . . . , 1N︸ ︷︷ ︸
a2−a1−1 times
, µ(2), 1N , . . . , 1N , µ(l), 1N , . . . , 1N︸ ︷︷ ︸
L−al times

 (3.58)
Conversely, from an L-tuple of partitions µ˜ we construct a set of indices a(µ˜) ∈ Al,L
and an l-tuple of partitions µ(µ˜), where l is the number of nontrivial partitions in µ˜,
a ∈ Al,L is the set of indices i such that µ˜
(i) is nontrivial and the l-tuple of partitions
µ(µ˜) is obtained by removing all trivial elements from µ while retaining the ordering.
Note that for any a ∈ Al,L where l = #µ ≤ L, the pure Hurwitz numbers and weights
are unchanged if µ is replaced by µ˜:
H(µ˜(µ, a), . . . ) = H(µ, . . . ) (3.59)
WGc,d(µ; . . . ) = WGc,d(µ˜(µ, a); . . . ) (3.60)
The denominator requires a bit more care. Given an m-tuple of possibly coinciding
indices b ∈ Bm,M , and an m-tuple of non-trivial partitions ν ∈ M
(N)
m,d−
for any integer i
between 1 and M , we identify the nonnegative integer Ji(b) to be the number of elements
of b equal to i, denoting
J(b) := (J1(b, ) . . . JM(b)), (3.61)
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and define n(i)(b) to be the Ji-tuple of such elements:
n(i)(b) =
(
n
(i)
1 , . . . , n
(i)
Ji
)
, (3.62)
n
(i)
1 < n
(i)
2 < · · · < n
(i)
Ji
, b
n
(i)
ji
= i . (3.63)
The Ji-tuple of partitions ν˜
(i) is the chosen as
ν˜
(i) =
(
ν˜(i,1), . . . , ν˜(i,Ji)
)
, (3.64)
ν˜(i,ji) = ν(n
(i)
ji
) . (3.65)
Repeating this for all values of i between 1 and M we get a map
T Nm,d− : M
(N)
m,d−
× Bm,M →
⊔
J, ℓ(J)=M,|J |=m
M
(N)
J,d−
T Nm,d− : (ν,b) 7→ (ν˜
(1), . . . , ν˜(M)) (3.66)
It is evident that this map is invertible.
It remains to associate such sets with rationally weighted, doubly labelled constella-
tions. From (3.59),(3.60) we obtain
d+∑
l=0
∑′
µ∈M
(|µ|)
l,d+
WGc,d(µ;ν)H(µ,ν, µ, ν)
= (−1)d−d+−#ν
∑
µ˜∈M
(|µ|)
L,d+
L∏
i=1
c
ℓ∗(µ(i))
i
∑
b∈B#ν,d−
#ν∏
i=1
d
ℓ∗(ν(i))
bi
H(µ˜,ν, µ, ν) (3.67)
and
d−∑
m=0
∑′
ν∈M
(|µ|
m,d−
(−1)d−−m
∑
b∈Bm,M
m∏
i=1
d
ℓ∗(ν(i))
bi
H(µ˜,ν, µ, ν)
=
∑′
ν˜(1),...,ν˜(M)
|ν(i,ji)|=N ,
∑M
i=1 ℓ
∗(ν˜(i))=d−
(−1)d−−
∑M
i=1 #ν˜
(i)
M∏
i=1
#ν˜(i)∏
ji=1
d
ℓ∗(ν˜(i,ji))
i H(µ˜, ν˜
(1), . . . , ν˜(M), µ, ν).
(3.68)
Comparing (3.25) with (3.67), (3.68), we see that, for a constellation GJ
c,d with spectrum
J(GJ
c,d) from the equivalence class
(
ν(GJ
c,d),µ(G
J
c,d),ν(G
J
c,d), µ(G
J
c,d)
)
, the weight can be
expressed as
WGJ
c,d
=
1
N !
βd(G
J
c,d
)γN(G
J
c,d
)WGc,d(µ(G
J
c,d),ν(G
J
c,d))pµ(s)pν(t) . (3.69)
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Since the partitions
(
µ(GJ
c,d),ν(G
J
c,d), µ(G
J
c,d), ν(G
J
c,d)
)
are recovered from the equiva-
lence class of the constellation, the summation in (3.46) can be interpreted as a summation
over all equivalence classes of doubly labelled constellations with fixed weight generating
function. Removing the factor N !H(µ,ν(1), . . . ,ν(M), µ, ν), which is the number of con-
stellations in the equivalence class, we replace the sum over equivalence classes with a
sum over constellations, which concludes the proof.
4 Examples of rational weight generating functions
and constellations
4.1 2D Toda τ-functions for two simple cases; matrix integrals
The two simplest examples of nonpolynomial rational weight generating functions, are:
G(∅),(d1) =
1
1− zdi
, and G(c1),(d1) =
1 + c1z
1− d1z
, with c1 6= 0, d1 6= 0. (4.1)
Both of these lead to weighted Hurwitz numbers having interesting combinatorial inter-
pretations.
For the first, we have
τ (G(∅),(d1),β,γ)(t, s) :=
∑
λ
γ|λ|r
(G(0,d1),β)
λ sλ(t)sλ(s) (4.2)
=
∑
µ,ν
|µ|=|ν|
γ|µ|
∞∑
d=0
βdHdG(0,d1)
(µ, ν) pµ(t)pν(s). (4.3)
where
r
(G(∅),d1),β)
λ =
1
(−βd1)|λ|
(
− 1
βd1
)
λ
, (4.4)
and
(a)λ :=
∏
(i,j)∈λ
(a+ j − i). (4.5)
It well-known [12, 13] that the weighted Hurwitz numbers HdG(0,d1)
(µ, ν) in this case may
equivalently be interpreted as (normalized) enumerations of d-step paths in the Cayley
graph of SN generated by transpositions (ab) (with b > a) starting from an element in
the conjugacy class cyc(µ), and ending in the class cyc(ν), such that in the consecutive
sequence of steps (a1, b1) · · · (akbk) along edges, the second elements (b1, . . . , bk) form a
weakly increasing sequence
bi ≤ bi+1, 1 ≤ i ≤ k − 1. (4.6)
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It is also well-known [12,13] that, if we restrict the 2D Toda flow variables t and s in
(4.2), (4.3) to equal the trace invariants
ti =
1
i
tr(A)i, si =
1
i
tr(B)i (4.7)
of a pair of diagonal n× n matrices
A = diag(a1, . . . , an), B = diag(b1, . . . , bn), (4.8)
and let
β := −
1
nd1
, (4.9)
then τ (G(0,d1),β,γ)(t, s) may be expressed as the Itzykson-Zuber-Harish-Chandra integral
over the group U(n) of unitary n× n matrices
τ
(G(∅)(d1),−
1
nd1
,γ)
([A], [B]) =
1
Vn
∫
U∈U(n)
eγntr(UAU
†B)dµ(U) =
det(eγaibj )|1≤i,j≤n
(2π)
1
2
n(n+1) ∆(a)∆(b)
,
(4.10)
where dµ(U) is the Haar measure on U(n), whose volume is
Vn :=
∫
U(n)
dµ(U) =
(2π)
1
2
n(n+1)∏n−1
k=1 k!
, (4.11)
[A] and [B] denote the infinite sequences of normalized trace invariants defined in (4.7)
and ∆(a) ∆(b) are the Vandermonde determinants in the elements
a = (a1, . . . , an), b = (b1, . . . , bn). (4.12)
For the second case, we have
τ (G(c1d1),β,γ)(t, s) :=
∑
λ
γ|λ|r
(G(c1,d1),β)
λ sλ(t)sλ(s) (4.13)
=
∑
µ,ν
|µ|=|ν|
γ|µ|
∞∑
d=0
βdHdG(c1,d1)
(µ, ν) pµ(t)pν(s). (4.14)
where
r
(G(c1,d1),β)
λ =
(
−
c1
d1
)|λ| ( 1
βc1
)
λ(
− 1
βd1
)
λ
. (4.15)
An alternative combinatorial interpretation for HdG(c1,d1))
(µ, ν) also exists in terms of
enumeration of monotonic paths in the Cayley graph [15]. If we express HdG(c1,d1))
(µ, ν) as
a polynomial in the parameters (c1, d1)
HdG(c1,d1))
(µ, ν) =
d∑
j=0
cj1d
d−j
1 E
d
j (µ, ν), (4.16)
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then Edj (µ, ν) gives a (normalized) enumeration of d-step paths in the Cayley graph of
SN generated by transpositions which consist of a sequence of j strictly monotonically
increasing steps, following by a sequence of d − j weakly monotonically increasing ones.
If we restrict the 2D Toda flow variables t and s again to equal the normalized trace
invariants [A] and [B] of a pair of diagonal n× n matrices, and choose β as in eq. (4.9),
then τ (G(c1,d1),β,γ)(t, s) can again be expressed as a matrix integral over the group U(n),
which can also be evaluated explicitly as a finite determinant [15, 22]:
τ
(G(c1,d1),−
1
nd1
,γ)
([A], [B]) =
1
Vn
∫
U∈U(n)
(
det(1− γUAU †B)
)n d1
c1 dµ(U)
=
γn (det(1− γaibj)|1≤i,j≤n)
n(1+
d1
c1
)−1
(2πγ)
1
2
n(n+1)
(∏n−1
k=1
(
1− n(1 + d1
c1
)
)
k
)
∆(a)∆(b)
.
(4.17)
All other τ -functions τ (Gc,d,β,γ) generating either polynomially or rationally weighted
Hurwitz numbers may also be given matrix integral representations [2,4,7] when the flow
parameters t and s are restricted to the trace invariants of a pair of n×n normal matrices
(A,B).
4.2 Examples of weighted constellations
We now display some further examples of singly and doubly labelled constellations cor-
responding to weight generating functions G(c1,c2,c3),(∅), G(∅),(d1), G(c1),(d1) and G(∅),(d1,d2),
both on Riemann surfaces of genus g = 0, that are five-sheeted branched covers of the Rie-
mann sphere with five branch points, and of genus g = 1, that are three-sheeted branched
covers, also with five branch points.
Figure 7 shows another example of a doubly weighted labelled planar constellation,
of type G(∅),(d1) for N = 5 with five branch points corresponding to the monodromy
factorization
h(0,0))h(1,1)h(1,2)h(1,3)h(1,0) = I5,
h(0,0) = (123), h(1,1) = (153), h(1,2) = (15)(23), h(1,3) = (14), h(1,0) = (14). (4.18)
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51
2
3
4
1, 2
1, 1
1, 3
1, 0
0, 0
1, 30, 0
1, 1
1, 2
1, 0 0, 0 1, 1
1, 2
1, 31, 0
1, 3
1, 0
Figure 7: Example of a doubly labelled planar constellation with N = 5, L = 0, M = 1, J1 = 3
Up to the change in labelling, this is identical to the factorizations (3.3) and (3.18),
so the unweighted constellation is the same as those in Figures 2 and 3. However, the
double labelling implies a different set of weighting parameters, according to the rules
listed in Definition 3.4. This case corresponds to (L,M, J) = (0, 1, (3)) and therefore, by
eq. (3.25) has total weight
WG0
(∅),(d1)
=
1
5!
γ5β5d51 p(2,1,1,1)(t) p(3,1,1)(s). (4.19)
Figure 8 provides a further double labelling, of type G(0),(d1,d2)), with (J1, J2) = (1, 2),
of the same unweighted constellation that appears in Figures 2, 3 and 7. The associated
weighting parameters are again determined according to the rules listed in Definition 3.4.
This case corresponds to (L,M, J) = (0, 2, (1, 2)) and therefore, by eq. (3.25) has total
weight
WG0
(∅)(d1,d2)
=
1
5!
γ5β5d21d
3
2 p(2,1,1,1)(t) p(3,1,1)(s). (4.20)
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51
2
3
4
2, 1
1, 1
2, 2
1, 0
0, 0
2, 20, 0
1, 1
2, 1
1, 0 0, 0 1, 1
2, 1
2, 21, 0
2, 2
1, 0
Figure 8: Example of a doubly labelled planar constellation with N = 5, L = 0, M = 2, J1 = 1, J2 = 2
Figure 9 shows a doubly labelled constellation with N = 3, and (L,M, J) = (3, 0, (0)),
so the weight generating function is the cubic polynomial G(c1,c2,c3),(∅)) and this is therefore
equivalent to a singly labelled constellation. It has five branch points with monodromy
factorization
h(0,0))h(1,0)h(2,0)h(3,0)h(1,0) = I5,
h(0,0) = (123), h(1,0) = (12), h(2,0) = (23), h(1,2) = (14), h(1,0) = (12). (4.21)
The genus is g = 1, so it is mapped on a torus. The weighting parameters are again
determined by the rules of Definition 3.4. so, by eq. (3.25) the total weight is
WG0
(c1,c2,c3),(∅)
=
1
3!
γ3β3c1c2c3 p(2,1)(t) p(3)(s). (4.22)
3
2 10, 0
1, 0
2, 0
4, 0
3, 0
1, 0
4, 0 3, 0
2, 0
Figure 9: A constellation with N = 3, L = 3, M = 0, and g = 1
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Figure 10 shows the same constellation as Figure 9, displayed on the lattice of period
parallelograms.
3
2
1
0, 0
1, 0 4, 0
2, 0
2, 0
3, 0
3, 0
4, 0
1, 0
3
2
1
0, 0
1, 0 4, 0
2, 0
2, 0
3, 0
3, 0
4, 0
1, 0
3
2
1
0, 0
1, 0 4, 0
2, 0
2, 0
3, 0
3, 0
4, 0
1, 0
3
2
1
0, 0
1, 0 4, 0
2, 0
2, 0
3, 0
3, 0
4, 0
1, 0
Figure 10: The same constellation as Figure 9, displayed on the lattice of period
parallelograms.
Figures 11, 12 and 13 show three further types of double labelling of the same constella-
tion as Figure 9, corresponding to (L,M, J) equal to (0, 1, (3)), (1, 1, (2)) and (0, 1, (1, 2)),
respectively, and weight generating functions G(0),(d1), G(c1),(d1) , G(c1),(d1,d2). Up to changes
in labelling, the group elements comprising the corresponding factorization of I3 ∈ S3
are the same as in (4.21). However, the weighting parameters, determined according to
the rules in Definition 3.4, are different in each case. The corresponding weighted con-
stellations therefore contribute different terms to the sums in (2.40), defining different
τ -functions τ (Gs,d,β,γ)(t, s) for each case.
Figure 11 corresponds to (L,M, J) = (0, 1, (3)), with weight generating function
32
G(∅),(d1) and therefore, by eq. (3.25) has total weight
WG0
(∅),(d1)
=
1
3!
γ3d31 p(2,1)(t) p(3)(s). (4.23)
3
2 10, 0
1, 1
1, 2
1, 0
1, 3
1, 1
1, 0 1, 3
1, 2
Figure 11: The same constellation as Figure 9, with double labelling parameters L = 0,
M = 1, J1 = 3
Figure 12 corresponds to (L,M, J) =(1,1,(2)), with weight generating functionG(c1),(d1)
and therefore has total weight
WG0
(c1),(d1)
=
1
3!
γ3β3c1d
2
1 p(2,1)(t) p(3)(s). (4.24)
3
2 10, 0
1, 0
1, 1
2, 0
1, 2
1, 0
2, 0 1, 2
1, 1
Figure 12: The same constellation as Figure 9, with double labelling parameters L = 1,
M = 1 J1 = 2
Figure 13 corresponds to (L,M, J) = (0, 2, (1, 2)), with weight generating function
G(0),(d1,d2) and therefore has total weight
WG0
(∅),(d1,d2)
=
1
3!
γ3β3d1d
2
2 p(2,1)(t) p(3)(s). (4.25)
33
32 10, 0
1, 1
2, 1
1, 0
2, 2
1, 1
1, 0 2, 2
2, 1
Figure 13: The same constellation as Figure 9, with double labelling parameters L = 0,
M = 2, J1 = 1, J2 = 2
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